Abstract. In a recent paper, W. She, J. Yu and R. Feng reported the slight deformations observed upon transmission of a light pulse through a short length of a silica glass nano-filament. Relating the shape and magnitude of these deformations to the momentum of the light pulse inside and outside the filament, these authors concluded that, within the fiber, the photons carry the Abraham momentum. We present an alternative evaluation of force and momentum in a system similar to the experimental setup of She et al. Using precise numerical calculations that take into account not only the electromagnetic momentum inside and outside the filament, but also the Lorentz force exerted by a light pulse in its entire path through the nano-waveguide, we conclude that the net effect should be a pull (rather than a push) force on the end face of the nano-filament.
Introduction.
In a recent paper [1] , W. She, J. Yu and R. Feng reported the slight deformations observed upon transmission of a light pulse through a short length of a silica glass nano-filament. Relating the shape and magnitude of these deformations to the momentum of the light pulse inside and outside the filament, these authors concluded that, within the fiber, the photons carry the Abraham momentum. In our view, the authors' claim that they have finally resolved the long-standing Abraham-Minkowski controversy surrounding the value of a photon's momentum inside a dielectric medium is premature. As it stands, the paper by She et al does not contribute much beyond what is already known, namely, that i) electromagnetic waves carry linear and angular momenta;
ii) when the wave enters a medium, it imparts a fraction of its momenta to the medium; iii) when the wave exits a medium, the resulting Lorentz forces could modify the state of motion of the medium, or cause it to stretch, contract, twist, bend, or buckle.
The correct interpretation of the experimental results of She et al requires precise numerical calculations that would properly account for the electromagnetic (EM) momentum inside and outside the fiber, as well as for the Lorentz force exerted on the fiber by the light pulse in its entire path through this nano-waveguide [2] [3] [4] .
The momentum of a light pulse in vacuum is given by E pulse /c, the ratio of the pulse energy to the speed of light in vacuum, only when the pulse has a cross-sectional diameter (in the xyplane perpendicular to the propagation direction z) that is much greater than the wavelength λ of the light. In other words, p = (E pulse /c) z ∧ is valid only when there is negligible diffraction broadening during propagation of the beam along the z-axis. The light spots emerging from the fibers in [1] are ~500 nm in diameter and, therefore, comparable to a wavelength of the visible light. Consequently, the emergent momentum along the axis of the fiber (z-axis) is much reduced compared to E pulse /c, resulting in a substantial error in the formulas used in [1] . We address this problem in Section 2.
Another difficulty with the interpretation offered in [1] revolves around the use of the phase refractive index n φ of the silica nano-filament when computing the Abraham momentum. The refractive index used to determine the Abraham momentum inside a dielectric must be the group index n g . In the case of an ordinary glass slab, one might be able to ignore dispersion effects and assume dispersionless propagation, in which case n φ and n g will be nearly the same. The validity of this "dispersionless" approximation, however, is no longer obvious when one deals with propagation within a waveguide, especially when the silica filament has been pulled so drastically (as in the reported experiments) as to force a substantial fraction of the optical energy into the air (or vacuum) surrounding the nano-fiber. By using in their theoretical calculations the bulk index of refraction for silica glass -thus failing to account for the group velocity inside an extremely narrow waveguide -the authors have raised serious doubts as to the validity of their interpretations. Our computer simulations reported in Section 3 reveal that the group index of a nano-filament made of a dispersionless material having n φ =1.5 is n g = 1.619 (filament diameter = 460nm, pulse duration ~ 10fs, central wavelength λ o = 0.6μm). Using n φ instead of n g in our example would result in an 8% over-estimation of the Abraham momentum inside the fiber. Moreover, in our simulations we observe a 4.7% reflectance at the exit facet of the fiber, whereas the authors of [1] ignore the effects of such reflectance. The fortuitous cancellation of these two errors leaves She et al with ~3% over-estimation of the contribution to the force by the Abraham momentum of the light pulse within the filament.
Finally, the Abraham momentum is only one component of the momentum of light inside a dielectric, namely, the electromagnetic component p EM ; the other component is mechanical, denoted by p mech . (Mechanical momentum is not the same thing as the difference between the Minkowski and Abraham momenta, as some authors have suggested; it is half as much under certain circumstances [6] ; for a thorough review of the subject see [7] .) A correct accounting for the deformation of the nano-filament in the experiments of She et al would have required a complete balancing of the momenta, namely, p EM + p mech inside the fiber, minus the pure EM momentum outside the fiber, where the light emerges into the free space. She et al completely ignore the role of p mech inside their nano-filaments. Our numerical simulations in Section 3 provide an estimate for the mechanical momenta of the incident and reflected light pulses, showing p mech to be comparable to p EM and, therefore, impossible to neglect. In fact, including the contribution of p mech in the analysis will reverse the direction of the force exerted on the nano-filament, resulting in a net pull (rather than push) force.
In Section 4 we criticize the experimental method of She et al, pointing out the inconsistencies and ambiguities in their reported measurements. We also summarize our results and point out the limitations of our method of calculating p mech , which arise from neglecting the elastic properties of the nano-fiber and ignoring the possibility of acoustic wave generation and propagation. While the general idea of monitoring the mechanical response of a nano-filament to the passage of light is meritorious and could potentially provide answers to fundamental questions pertaining to the momentum of light, we believe careful analysis and more accurate measurements are needed before the Abraham-Minkowski controversy can be settled. 2. Momentum of light emerging from a nano-filament into the free space. In the original Einstein box thought experiment [5] , which involves an empty box on a frictionless rail, with light emerging from the wall on the left, traveling the length of the box, then impinging on a perfect absorber on the right-hand side, one must recognize that, if the pulse emerging from the wall on the left has a small cross-sectional diameter (e.g., emanating from a nano-fiber), it will expand, due to diffraction, into a spherical wave as it propagates to the right. One can then readily see that the momentum of the pulse must be less than E pulse /c; the smaller the transverse dimensions of the light source, the greater will be the deviation of the momentum of the pulse from E pulse /c. Figure 1 shows a special Einstein box designed for the light emanating from the tip of a nano-fiber located on the left-hand side. An absorbing layer is applied uniformly over a hemispherical surface of radius R on the right-hand side. Suppose a short pulse of energy E pulse and momentum p = p z z ∧ emerges from the fiber and travels for a duration τ = R/c before getting fully absorbed. At first, the box acquires a momentum of -p and moves to the left with a velocity of p/M, where M is the mass of the box (assumed to be very large). The box comes to a halt after traveling a distance Δz box = -(p/M )(R/c). During the same time interval, the light pulse moves to the right (while spreading by diffraction) and transfers its mass of E pulse /c 2 to the hemi-spherical surface. To be specific, let us assume that the fiber-tip acts as a point dipole oscillating along the x-axis. The electromagnetic E-and H-fields arriving on the hemi-spherical surface will have
(1) Thus, upon absorption, the center of mass of the light pulse will have moved to the right by
In the absence of external forces, however, the center of mass of the system cannot have moved in the process. Setting the net displacement of the center of mass equal to zero yields the momentum of the light pulse as p = (3E pulse /4c)z ∧ . In other words, the light exiting the fiber carries only 75% of the momentum assigned to it by She et al. 
An alternative argument for the reduced momentum of a light pulse whose transverse dimensions are comparable to the wavelength λ involves expressing the E-and H-field amplitudes of the pulse as Fourier integrals in the (k,ω)-space, followed by computing the Poynting vector, energy content, and momentum of the entire pulse; see the Appendix for details.
Numerical simulations.
We describe the results of Finite Difference Time Domain (FDTD) numerical simulations for a short pulse of light traveling through and emerging from a silica glass nano-fiber. Figure 2 (a) shows the cross-sectional profile of the simulated nano-fiber having a circular cross-section with a diameter d =460 nm and refractive index n φ =1.5. The assumed material dispersion for this filament is zero, that is, dn φ (ω)/dω = 0, although guidedmode dispersion is automatically accounted for in our FDTD simulations. To facilitate the coupling of incident light into the filament, the medium of incidence at the top of Fig ) show the optical energy flux at three different points along the z-axis, located at z o = 2.5μm, 1.5μm, and −0.5μm; also shown is the envelope of the pulse in each case. Over these short distances, the pulse propagates along the fiber's axis without any apparent distortion due to dispersion and/or attenuation. The total pulse energy is found to be 2.78 nJ, while the group refractive index (obtained by monitoring the pulse envelope's peak position versus time) turns out to be n g =1.619. To facilitate the coupling of the incident pulse, the incidence medium at the top has the same refractive index as the fiber. (b) A 10fs Gaussian light pulse of central wavelength λ o = 0.6μm is launched into the fiber. Once the pulse settles into a guided mode, its integrated S z over the cross-sectional xy-plane (including the evanescent field) is monitored as a function of time. The solid (black), dashed (red), and dash-dotted (green) curves represent the rate of flow of optical energy at z =2.5μm, 1.5 μm, and −0.5 μm, respectively; also shown is the pulse's envelope in each case. The energy content of the pulse, obtained by integrating the flux over the pulse duration, is 2.78 nJ. Figure 3 shows a computed graph of ∫∫ f z (x,y,z,t o )dxdy, the integrated Lorentz force density over the cross-sectional xy-plane of the fiber, plotted versus z at some fixed instant of time t o . The Lorentz force density [2] is given by
where E(r,t) and H(r,t) are the usual electric and magnetic fields, P(r,t) =ε o (ε −1)E(r,t) is the polarization density within the nano-fiber, ε o and μ o are the permittivity and permeability of free space, and ε = n φ 2 is the dielectric constant of the material. Let us assume that this force profile has been propagating (and will continue to propagate), without distortion or attenuation, at the constant group velocity of c/n g along the negative z-axis. Each volume element Δv = dxdydz of the filament will thus experience the instantaneous longitudinal force f z (x,y, z +ct/n g )Δv. The time-integrated force being the mechanical momentum Δp z acquired by Δv at an arbitrary instant of time, say, t o = 0, the acquired mechanical momentum of the volume element Δv will be
Integrating over the entire volume of the nano-fiber, we find the following expression for its total mechanical momentum at any instant of time:
The dashed (red) curve in Fig.3 , a plot of ∫∫ −∞ ∞ dxdy∫ −∞ z f z (x,y,z′)dz′ versus z, clearly indicates that the material elements within the light pulse have a mechanical momentum directed along the negative z-axis. At the leading edge (i.e., left-hand side of the figure), the total force integrated from the beginning to the mid-point of the pulse is F z = −1.88×10 −3 N, with the minus sign signifying the direction of the force along the negative z-axis, which is the direction of propagation. The total force on the trailing edge (i.e., right-hand side of the figure), integrated from the mid-point to the end of the pulse, is F z = 1.88×10 −3 N. Thus while the leading edge pushes the host material's molecules forward, the trailing edge deprives them of their acquired mechanical momentum by applying a braking force. In accordance with Eq.(5), the area under the dashed (red) curve in When the light pulse arrives at the exit facet, its mechanical momentum must be delivered to the fiber tip because, aside from a small fraction that returns with the reflected pulse, the incident mechanical momentum simply has nowhere else to go. When interpreting the results of their experiments, She et al completely ignored this mechanical momentum; we believe, however, that the contribution of the mechanical momentum delivered by the light pulse to the fiber tip should be taken into account. We are cognizant, of course, of the fact that the light pulse is followed in its path by an acoustic wave generated at the mount (to which the nano-fiber is affixed). For a rigid mount, this acoustic wave tends to essentially restore to their initial positions all the glass molecules that have been displaced forward by the light pulse. However, the acoustic wave arrives at the fiber tip sometime after the light pulse, as the latter typically travels much faster than the former. (The delay is proportional to the length of the fiber between the mount and the exit facet.) A complete analysis of the deformation dynamics of the fiber must, therefore, take into account not only the electromagnetic and mechanical momenta carried along by the light pulse, but also the acoustic interactions between the mount and the body of the fiber. Figure 4 shows computed profiles of E x (x,y,z,t), the x-component of the E-field of the light pulse, at different instants of time in both xz and yz cross-sectional planes. The incident beam, being linearly-polarized along the x-axis, is responsible for the slight differences between the xz and yz cross-sectional profiles. The guided mode consists of propagating fields within the fiber as well as evanescent fields in the free-space region surrounding the fiber. In this and the following simulations, the fiber depicted in Fig.2(a) was truncated at z = 0.5μm to allow the light to emerge into the free space region below the fiber's tip. Once the pulse reaches the exit facet at z = 0.5μm, it emerges into the free-space below the fiber, then proceeds to expand laterally via ordinary diffraction. At the same time, a small fraction of the incident pulse (~4.7% of the incident optical energy), bounces back and returns along the positive z-axis as a guided mode within the fiber. The incident beam is linearlypolarized along the x-axis, hence the slight differences between the xz and yz cross-sectional pulse profiles. Top row (a, c): at t = 65fs the pulse is moving down within the fiber. Bottom row (b, d): at t = 85fs a weak reflected pulse is moving up along the fiber's axis, while the transmitted light propagates downward and spreads laterally via diffraction. Note that the color-scale for (a, c) differs from that for (b, d). The guided mode consists of propagating fields within the fiber as well as evanescent fields in the surrounding free-space. Upon arriving at the exit facet (z =0.5μm), the pulse emerges into the free-space below and proceeds to expand laterally via ordinary diffraction. A small fraction of the incident pulse, carrying ~4.7% of its optical energy, bounces back and returns (within the fiber) along the positive z-axis. Figure 5 shows plots of the energy flux, ∫∫ −∞ ∞ S z (x,y,z o ,t)dxdy, versus time far above the exit facet at z o = 2.5μm (solid black), and also just below the exit facet at z o = 0.48μm (dashed green). The reflected pulse shows up in the solid black curve with ~21fs delay due to the round-trip between z = 2.5μm and the exit facet located at z = 0.5μm. The transmitted and reflected optical energies in Fig.5 add up to ~98% of the incident energy, with the remaining 2% also exiting the fiber, but propagating more or less radially away from the fiber's tip; this small fraction of the light cannot be captured by (numerical) monitors that are placed in cross-sectional planes perpendicular to the z-axis. The total electromagnetic momentum of the system at any instant of time is the integral of the Abraham momentum density S(r,t)/c 2 over the entire space, which includes the volume of the fiber, the vacuum surrounding the fiber, and the vacuum below the fiber, into which the hemi-spherical wave emerges. Fig.7 . The dashed (red) curve shows the integrated S(r,t)/c 2 over the upper halfspace, z > 0.5μm, which contains the nano-fiber and its surrounding free-space. Initially, the EM momentum in this half-space is large and negative (−5.7×10
−18 N⋅s), as the light pulse
propagates downward in the form of a guided mode of the filament. This is the Abraham momentum of the pulse inside the fiber, namely, E pulse /(n g c). Eventually, this momentum approaches zero as the light leaves the fiber, except for a small residual momentum after t ≈ 80fs, corresponding to the fraction of the incident pulse reflected at the exit facet. The reflected pulse has a positive EM momentum, as it propagates upward.
Figure 7 (color online). Time variations of the EM momentum contained in various regions of space. The dashed (red) curve shows the integrated S(r, t)/c
2 over the upper half-space, z > 0.5μm, which contains the filament and its surrounding free-space. The dash-dotted (green) curve shows the integrated S(r, t)/c 2 over the lower half-space, z < 0.5μm, into which the light pulse emerges from the fiber tip during the interval t~70−80 fs. The solid (black) curve, being the algebraic sum of the other two curves, represents the time variations of the total EM momentum of the system. The dash-dotted (green) curve in Fig.7 shows the integrated S(r,t)/c 2 over the lower halfspace, z < 0.5μm, into which the light pulse emerges from the fiber tip during the interval t~70−80fs, then proceeds to expand laterally. Initially, in the absence of any light, the momentum content of the lower half-space is zero. However, once the light emerges into this region, the electromagnetic momentum increases (in the negative z-direction) until it stabilizes at t~80fs, when the entire pulse has left the fiber. The EM momentum that emerges from the fiber is thus p z (EM) = −7.1×10 −18 N⋅s. Given the pulse's energy inside the fiber (E pulse = 2.78 nJ) and the exit facet's transmissivity (T =1− R = 95.3%), the naively-expected emergent momentum should be p z (EM) = −TE pulse /c = −8.83×10 −18 N⋅s. The actual momentum, however, has only ~80% of this expected value, in fair agreement with the analysis of Section 2 for a point dipole.
The solid (black) curve in Fig.7 , being the algebraic sum of the other two (red and green) curves, represents the time variations of the total EM momentum of the system. The net change of this EM momentum, obtained by subtracting the final value of the solid (black) curve from its initial value, is precisely equal to the time-integrated upward force, ∫ −∞ ∞ F z (t)dt, exerted on the fiber's end by the exiting light pulse. The backlash momentum (i.e., time-integrated force) is thus found to be 1.07×10
−18 N⋅s.
Although the backlash momentum obtained in our simulations is along the positive z-axis, one must be careful in interpreting it as the only momentum delivered to the filament when the pulse passes from the fiber into the free space below. As argued earlier, the mechanical momentum of −3.3×10 −18 N⋅s brought in by the light pulse is greater than the above backlash (even after subtracting the reflected p mech ). Our conclusion, therefore, is that the total momentum delivered to the fiber tip is directed along the negative z-axis, exerting a net pull (rather than push) force on the fiber's end. In any event, what we have computed so far is the total contribution of the Lorentz force of the light pulse to the time-integrated force exerted on the fiber tip, a contribution that we have shown to be attributable to the changes in the electromagnetic as well as mechanical momenta of the light pulse. Since we have chosen an extremely short light pulse (duration~10fs) for these simulations, the Lorentz force delivered to the fiber tip has been essentially impulsive, uncontaminated by the acoustic wave that the light pulse inevitably invokes in its wake. To determine the dynamic behavior of the nano-filament once the light pulse has departed, it is essential that one take into consideration the elastic properties of the fiber (including the tapered region that precedes the nano-filament), the role of the induced acoustic waves, and the interactions between the fiber and its mount. In what ways are these two deformations different? Is the light emerging at an angle relative to the z-axis? If so, is this because the fiber is bent electrostatically, or because its end facet is cleaved at a small angle, or perhaps because of the residual stresses in the nano-fiber after pulling it to a small diameter? (Note that the fiber depicted in Fig.4 (a) of [1] , with essentially no light going through it, is already bent away from the z-axis.) The authors do not provide a clear answer, except when they say that a fit between theory and experiment "suggests the end face of the SF [silica filament] is inclined with an angle of about 8°." Would they find a different angle if they fitted the experimental data with Minkowski's theory instead? Note that we are not arguing here in favor of either Abraham or Minkowski. Our analysis in the preceding sections indicates that the net force on the end face of the nano-filament must have contributions from electromagnetic as well as mechanical momenta of the light pulse. While the EM momentum is generally associated with the name of Abraham, the specific combination of p EM and p mech that is responsible for the observed force is attributable neither to Abraham nor to Minkowski. However, since She et al restrict their analyses to a comparison of the two hypotheses advanced by these historical figures, we direct our criticism of their work at instances where supporting evidence for one hypothesis (resulting in a push force) may have been confused with evidence in favor of the alternative hypothesis (favoring a pull force). Figure 4 of [1] shows the profile of the fiber with (a) 0.1mW of λ = 650nm cw light traveling inside, and (b) 17.8 mW of λ = 980nm light coupled into the fiber (in addition to a red cw light, which is too weak to produce a significant force). Presumably the fiber tip has shifted laterally by ~30μ m between (a) and (b). How does one know that this displacement is caused by the Abraham momentum, as in Fig.2(i) , and not by the Minkowski momentum, as in Fig.2(j) ?
The authors refer to their computer simulations depicted in Figs.4(A) and 4(B); these finiteelement simulations of the fiber deformation use bulk values for the density ρ and Young's elastic modulus Y. Is it legitimate to use the bulk value of Y for a 0.5μm-diameter filament which has been subjected to extensive heat treatment and pulling? Why not show the corresponding simulation results for the Minkowski case? How much difference will it make (in the fiber-tip's displacement, or the overall extent of deformation) if the Minkowski momentum were assumed, and if fitting parameters (such as the inclination angle of the end face) were modified in some reasonable way? The authors provide no clues.
She et al inform the reader of some peculiar dynamic behavior when the power of the 980nm laser was raised by only ~10%, from 17.8 mW to 19.5 mW; see Figs.4(c) -(e) of [1] . No explanation, however, is given for this behavior based on their finite-element simulations. Moreover, they state that the "quantitative analysis of Figs.2(c), 2(d), 2(g), and 2(h) is more complex, needing to be investigated further." All this ambiguity makes one wonder if there are sufficient grounds for the authors to proclaim that "Abraham's momentum is correct."
There are also concerns with the "power measurement" and "thermal measurement" results depicted in Fig.3 of [1] . What is the significance of P Fib , plotted as solid triangles ( ▲ ) in their Fig.3(a) ? This is identified as "the transmission of cut bare single-mode fiber," a description that carries little, if any, information. Are they claiming, based on these power measurements, that no light gets reflected back into the fiber as it emerges from the tiny end face of the filament? In other words, does their power measurement rule out even 1% back-reflection at the exit facet? This would imply essentially no impedance-mismatch at the exit point, which is hard to believe, considering that the claim is not supported by reliable power measurements at both input and output ends. (It must be pointed out that even a few percent back-reflection into the fiber at the exit facet will have significant implications for the optical force exerted on the fiber-tip.) Furthermore, in conjunction with their Figs.3(b) and 3(c), are the authors only ruling out a temperature rise above 300°C? If so, do they really believe that, say, a 100°C temperature rise is inconsequential for a filament that is 1/100 th of a strand of human hair? Our analysis has indicated that the net force experienced by the fiber tip should be a push force if the mechanical momentum is ignored, but that it will be a pull force if p mech is fully accounted for. We did not discuss the possibility of the mechanical momentum diffusing away from the light pulse (i.e., acoustic wave generation and propagation), as such an analysis would have required a detailed knowledge of the mechanical properties of the nano-filament as well as solution of the relevant elasticity equations coupled to the Maxwell-Lorentz equations. So long as the host medium is rigid enough to retain its opto-mechanical properties while absorbing the localized push and pull of the light pulse, while, at the same time, it is malleable enough for the acoustic waves to propagate at substantially below the speed of light, we believe the mechanical momentum of a short light pulse will remain more or less confined to within the boundaries of the pulse itself. Under such circumstances, it is reasonable to expect that the entire p mech computed in the preceding section will be delivered to the nano-filament's tip upon arrival at the exit facet. This is not to say that the light pulse does not invoke an acoustic wave in its wake, considering that the nano-filament is preceded by a tapered region of the optical fiber, which, at some distance from the exit facet, is attached to a rigid mount. The invoked acoustic wave, however, arrives at the nano-filament's exit facet with some delay, at which time the Lorentz force of the exiting light pulse has already initiated the motion/deformation of the nano-filament.
The tug of the light pulse at the end face of the fiber sets in motion a sequence of events involving the propagation of an acoustic wave up the length of the fiber, reflection of this wave from the mount (to which the fiber is fastened), and the arrival of the reflected (acoustic) wave at the fiber's end face. These phenomena, however, being purely mechanical, can be analyzed with known mathematical and numerical methods.
It is our belief that measuring the push or pull force at the end face of a nano-filament, as proposed by She et al in [1] , is quite possibly a valuable tool for investigating the momentum of light inside material media. The present paper has shown the feasibility of detailed theoretical calculation of the relevant optical forces in such experiments. What is now needed is accurate measurements in a well-controlled environment whose quantitative results could be compared with those of theoretical modeling and numerical simulations, before any definitive conclusions could be drawn with regard to the nature of optical momentum inside dielectric media. To obtain the total momentum p of the light pulse, we integrate S(r, t)/c 2 over the spatial coordinates x, y and z. The result turns out to be independent of time, as follows: cross-sectional diameter is substantially wider than a wavelength. The k-space spectrum broadens, however, as the beam diameter shrinks, resulting in a substantial reduction of p z below its peak value of E pulse /c.
